Abstract. In this paper, we obtain some new fixed point theorems in generalized metric spaces for maps satisfying an implicit relation. The obtained results unify, generalize, enrich, complement and extend a multitude of related fixed point theorems from metric spaces to generalized metric spaces.
Introduction and preliminaries
In 2000, Branciari [7] initiated the notion of a generalized metric space (shortly gms) as a generalization of a metric space in such a way that the triangle inequality is replaced by the Tetrahedral inequality. Starting with the paper of Branciari, many fixed point results have been established in those interesting spaces (see [1] , [8] , [9] , [10] , [13] , [14] , [17] , [18] ).
As in the metric spaces, any generalized metric space is a topological space with a neighborhood basis given by B " tBpx, rq : x P X, r ą 0u, where Bpx, rq " ty P X : dpx, yq ă ru is the "open" ball with center x and radius r. This topology fails to provide some useful topological properties: an "open" ball in generalized metric space need not be open set, the generalized metric need not be continuous, a convergent sequence in generalized metric space need not be Cauchy, the generalized metric space need not be Hausdorff and hence, the uniqueness of limits cannot be guaranteed (see Example 1.3).
The above properties of generalized metric spaces, that do not hold for metric spaces, were first observed by Das and Dey [10] , [11] and also these facts were observed independently by Samet [17] , Sarma, and Rao and Rao [18] . Initially, these were considered to be true, implying incorrect Definition 1.1. [7] Let X be a set and d : X 2 Ñ R`be a mapping such that for all x, y P X and for all distinct points z, w P X, each of them different from x and y, one has (1) dpx, yq " 0 if and only if x " y, (2) dpx, yq " dpy, xq, (3) dpx, yq ≤ dpx, zq`dpz, wq`dpw, yq (Tetrahedral inequality).
Then d is called a generalized metric and pX, dq is a generalized metric space (or shortly gms). Definition 1.2. [7] Let pX, dq be a gms, let tx n u be a sequence in X and x P X.
(1) We say that tx n u is a gms convergent to x if and only if dpx n , xq Ñ 0 as n Ñ 8. We denote this by x n Ñ x. (2) We say that tx n u is a gms Cauchy sequence if and only if for each ε ą 0 there exists a natural number npεq such that dpx n , x m q ă ε for all m ą n ą npεq. (3) pX, dq is called a complete gms if every gms Cauchy sequence is gms convergent in X.
The following example shows us some of the properties of metric spaces which do not hold in gms.
n , for x P t1, 2u and y " 1´1 n or y P t1, 2u and x " 1´1 n , x ‰ y,
1, otherwise.
Then it is easy to check that pX, dq is a generalized metric space but it is not a metric space because it lacks the triangular inequality: 1 " dp 1 2 , 2 3 q ą dp 1 2 , 1q`dp1,
Note also that the sequence tx n u Ă X, x n " 1´1 n , n ≥ 1, converges to both 1 and 2 and it is not a Cauchy sequence because dpx n , x m q " dp1´1 n , 1´1 m q " 1, @n, m P N, n ‰ m. The ball Bp The function d of Example 1.3 is not continuous in the sense presented in [7] , since, although lim nÑ8 p1´1 n q " 1, we have lim nÑ8 dp1´1 n ,
The pX, dq is not a Hausdorff space because Bp1, r 1 q X Bp2, r 2 q ‰ φ, for all r 1 , r 2 ą 0.
The following lemma will be useful for us to prove the main theorems.
Lemma 1.4. Let pX, dq be a generalized metric space, let tx n u be a sequence of distinct points (x n ‰ x m for all n ‰ m) in X and l ≥ 0. If
then tx n u is a Cauchy sequence.
Proof. If m ą 2 is odd, then writing m " 2k`1, k ≥ 1 (by Tetrahedral inequality) we can easily show that dpx n , x n`m q ≤ rdpx n , x n`1 q`dpx n`1 , x n`2 q`dpx n`2 , x n`3 q`¨¨¨`dpx n`m´1 , x n`m qs
Hence, lim nÑ8 dpx n , x n`m q " 0.
If m ą 2 is even then writing m " 2k, k ≥ 2 and using the same arguments as before, we can get
Also, lim nÑ8 dpx n , x n`m q " 0. It implies that tx n u is a Cauchy sequence in X.
Let T : X Ñ X be a mapping where X is a gms. For each x P X, let
which will be called the orbit of T at x. pX, dq is called T -orbitally complete if and only if every Cauchy sequence, which is contained in Opxq, converges to a point in X.
Berinde, in the paper [2] , introduced a class of contractive mappings initially called weak contractions, for which Berinde and Pacurar later adopted the more suggestive term of almost contractions [4] . On the other hand, in 2011, Berinde [5] obtained fixed point theorems of implicit almost contractions in metric spaces. [4] ) Let pX, dq be a metric space. A map T : X Ñ X is called weak (almost) contraction if there exists a constant δ P p0, 1q and some L ≥ 0 such that dpT x, T yq ≤ δ.dpx, yq`L.dpy, T xq for all x, y P X.
A class of implicit relations
In this section, we consider a class of implicit relations which will give a general character to the main results of this paper.
Definition 2.1. The set of all real functions ϕ : R 6 Ñ R, which are upper semi-continuous in each coordinate variable and satisfy at least one of the following conditions:
real constant δ P r0, 1q and some L ≥ 0 such that
(c) ϕpu, u, 0, 0, u, uq ≤ 0 ñ u " 0, will be denoted by Φ 6 and every such function will be called a Φ 6 -function.
Some examples of Φ 6 -functions are as follows:
Example 2.2. Let ϕpt 1 , t 2 , t 3 , t 4 , t 5 , t 6 q " t 1´a t 2 , where 0 ≤ a ă 1, then ϕ is a Φ 6 -function and satisfies the conditions (a), (b) and (c) with constants h " δ " a and L " 0.
Example 2.3. Let ϕpt 1 , t 2 , t 3 , t 4 , t 5 , t 6 q " t 1´b pt 2`t3 q, where 0 ≤ b ă 1 2 , then ϕ is a Φ 6 -function and satisfies the conditions (a), (b) and (c) with constants h " δ " 2b ă 1 and L " 0.
Example 2.4. Let ϕpt 1 , t 2 , t 3 , t 4 , t 5 , t 6 q " t 1´b pt 3`t4 q´ct 6 , where 0 ≤ b ă 1 2 and c ≥ 0, then ϕ is a Φ 6 -function and satisfies the conditions (a) and (b) with constants h " b 1´b ă 1, δ " 2b and L " c, but, in general, does not satisfy the condition (c).
Example 2.5. Let ϕpt 1 , t 2 , t 3 , t 4 , t 5 , t 6 q " t 1´a t 2´b t 6 , where 0 ≤ a ă 1 and b ≥ 0, then ϕ is a Φ 6 -function and satisfies the conditions (a) and (b) with constants h " δ " a ă 1 and L " b, but, in general, does not satisfy the condition (c).
Example 2.6. Let ϕpt 1 , t 2 , t 3 , t 4 , t 5 , t 6 q " t 1´a t 2´b t 3 , where 0 ≤ a ă 1 and b ≥ 0, then ϕ is a Φ 6 -function and satisfies the condition (c), but, in general, does not satisfy the conditions (a) and (b) (satisfies (a) if a`b ă 1 and (b) if a`b ă 1 2 ). Example 2.7. Let ϕpt 1 , t 2 , t 3 , t 4 , t 5 , t 6 q " t 1´a maxtt 3 , t 4 u´bt 6 , where 0 ≤ a ă 1 and b ≥ 0, then ϕ is a Φ 6 -function and satisfies the conditions (a) and (b) with constants h " δ " a ă 1 and L " b, but, in general, does not satisfy the condition (c) ( satisfies (c) if b " 0).
Example 2.8. Let ϕpt 1 , t 2 , t 3 , t 4 , t 5 , t 6 q " t 1´p at 2`b t 3`c t 4 q`dt 6 , where a, b, c and d are nonnegative numbers such that a`b`c ă 1, then ϕ is a Φ 6 -function and satisfies the conditions (a) and (b) with constants h " 
Main results
Before stating the main fixed point theorems, we introduce the definition of almost ϕ-contraction.
Definition 3.1. Let pX, dq be a generalized metric space and ϕ P Φ 6 . A map T : X Ñ X is called an almost ϕ-contraction if (1) ϕ rdpT x, T yq, dpx, yq, dpx, T xq, dpy, T yq, dpy, T 2 xq, dpy, T xqs ≤ 0,
for all x, y P X.
Now we can state and prove the first main theorem of this paper.
Theorem 3.2. Let pX, dq be a gms, ϕ P Φ 6 and let T : X Ñ X be an almost ϕ-contraction. If ϕ satisfies the conditions (a) and (b), and pX, dq is T-orbitally complete, then
(2) For any x 0 P X, the Picard iteration tx n u defined by x n " T x n´1 , n " 1, 2, . . . converges to some α P F ixpT q.
Proof. Let x 0 be an arbitrary point in X and tx n u defined by x n " T x n´1 , n " 1, 2, . . . be the Picard iteration. By condition (1), ϕpdpT x n´1 , T x n q, dpx n´1 , x n q, dpx n´1 , T x n´1 q, dpx n , T x n q, dpx n , T 2 x n´1 q, dpx n , T x n´1" ϕpdpx n , x n`1 q, dpx n´1 , x n q, dpx n´1 , x n q, dpx n , x n`1 q, dpx n , x n`1 q, 0q ≤ 0 and by property (a) of ϕ, there exists δ P p0, 1q such that
In general, we have
where l " dpx 0 , x 1 q, and so (4) lim nÑ8 dpx n , x n`1 q " 0.
By condition (1), ϕpdpT x n´1 , T x n`1 q, dpx n´1 , x n`1 q, dpx n´1 , T x n´1 q, dpx n`1 , T x n`1 q, dpx n`1 , T 2 x n´1 q, dpx n`1 , T x n´1" ϕpdpx n , x n`2 q, dpx n´1 , x n`1 q, dpx n´1 , x n q, dpx n`1 , x n`2 q, 0, dpx n`1 , x n≤ 0.
By property (b) of ϕ, there exists a real constant δ P p0, 1q and some L ≥ 0 such that dpx n , x n`2 q ≤ δ maxtdpx n´1 , x n`1 q, dpx n´1 , x n q, dpx n`1 , x n`2 q, dpx n`1 , x n qù Ldpx n`1 , x n q.
By (3), we get dpx n , x n`2 q ≤ δ maxtdpx n´1 , x n`1 q, δ n´1 l, δ n`1 l, δ n lu`Lδ n l " maxtδdpx n´1 , x n`1 q, δ n lu`Lδ n l and hence
If we denote y n :" maxtdpx n´1 , x n`1 q, δ n´1 lu, then by (5), we deduce that ty n u satisfies
thus, since lim nÑ8 δ n " 0, by Lemma 1.6 in [3] , we obtain y n Ñ 0, that is,
We divide the proof into two cases:
Case I: Suppose that x p " x q for some p, q P N , p ‰ q. Let p ą q. Then T p x 0 " T p´q T q x 0 " T q x 0 i.e. T n α " α where n " p´q and T q x 0 " α. Now if n ą 1, by (3), we have dpα, T αq " dpT n α, T n`1 αq ≤ δ n dpα, T αq.
Since 0 ă δ ă 1, dpα, T αq " 0. So T α " α and hence α is a fixed point of T.
Case II: Assume that x n ‰ x m for all n ‰ m. Then, from (3), (6) and Lemma 1.4 it follows that tx n u is a Cauchy sequence in X. Since pX, dq is T -orbitally complete, there exists an α P X such that (7) lim nÑ8
x n " α.
The limit α is unique: Assume that α 1 ‰ α and α 1 " lim nÑ8 x n .
Since x n ‰ x m for all n ‰ m, there exists a subsequence tx n k u of tx n u such that x n k ‰ α and x n k ‰ α 1 for all k P N . Without loss of generality, assume that tx n u is this subsequence. Then by tetrahedral inequality of Definition 1.1, we obtain dpα, α 1 q ≤ dpα, x n q`dpx n , x n`1 q`dpx n`1 , α 1 q.
Letting n tend to infinity, we get dpα, α 1 q " 0 and so α " α 1 .
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Let us prove now that α is a fixed point of T . In contrary, if α ‰ T α, then there exists a subsequence tx n k u such that x n k ‰ T α and x n k ‰ α for all k P N . Then, by tetrahedral inequality of Definition 1.1, we obtain dpα, T αq ≤ dpα, x n k´1 q`dpx n k´1 , x n k q`dpx n k , T αq.
From (1), ϕpdpT x n´1 , T αq, dpx n´1 , αq, dpx n´1 , T x n´1 q, dpα, T αq, dpα, T 2 x n´1 q, dpα, T x n´1" ϕpdpx n , T αq, dpx n´1 , αq, dpx n´1 , x n q, dpα, T αq, dpα, x n`1 q, dpα, x n≤ 0.
Letting n tend to infinity, we get
And by property (b) of ϕ, we have
From (8) and (9) dpα, T αq ≤
dpx n , T αq ≤ δdpα, T αq.
Since 0 ă δ ă 1, we have dpα, T αq " 0. So α is a fixed point of T. This completes the proof of the theorem.
Theorem 3.3. Let pX, dq be a gms, ϕ P Φ 6 and let T : X Ñ X be an almost ϕ-contraction. If ϕ satisfies the condition (c) and F ixpT q ‰ φ then T has a unique fixed point.
Proof. Let α be a fixed point of T : α P F ixpT q. Assume that α 1 ‰ α is also a fixed point of T . From (1),
By property (c) of ϕ, we have dpα, α 1 q " 0.
Thus, the proof follows.
Theorem 3.4. Let pX, dq be a gms, ϕ P Φ 6 and let T : X Ñ X be an almost ϕ-contraction. If pX, dq is T-orbitally complete and ϕ satisfies the conditions (a), (b) and (c), then
(1) T has a unique fixed point α P X, i.e. F ixpT q " tαu.
(2) For any x 0 P X, the Picard iteration px n q " pT x n´1 q, n P N converges to α.
Proof. The conditions of Theorem 3.2 hold, and so F ixpT q ‰ φ. By Theorem 3.3, F ixpT q " tαu and by Theorem 3.2, for any x 0 P X, the Picard iteration px n q " pT x n´1 q, n P N converges to α. This completes the proof of the theorem.
pX, dq is a generalized metric space but pX, dq is not a standard metric space because it lacks the triangular property:
Let T : X Ñ X be a mapping such that T p0q " 0 and T pxq " 1 2 , for x P X´t0u. The generalized metric space pX, dq is T -orbitally complete.
We verify the conditions of Theorem 3.2 in case ϕpt 1 , t 2 , t 3 , t 4 , t 5 , t 6 q " t 1´δ t 2´L t 6 .
The inequality (1) takes the form dpT x, T yq´δdpx, yq´L.dpy, T xq ≤ 0 or p1 1 q dpT x, T yq ≤ δdpx, yq`L.dpy, T xq.
If x " y or x, y P X´t0u, the right hand side of the inequality (1') is zero and consequently, it is satisfied for any δ P p0, 1q and L ≥ 0. If x " 0 and y ‰ 0, inequality (1') takes the form
which is satisfied for δ " . If x ‰ 0 and y " 0, inequality (1') takes the form 2 u ‰ φ and for any x 0 P X, the Picard iteration tx n u defined by x n " T x n´1 , n " 1, 2, . . . converges to some α P F ixpT q " t0, 
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Example 3.6. Let pX, dq be the generalized metric space from the above example. Let T : X Ñ X be a mapping such that T p 2 3 q " 1 2 and T pxq " 1 for x P X´t 2 3 u. The generalized metric space pX, dq is T-orbitally complete. We verify the conditions of Theorem 3.4 in case ϕpt 1 , t 2 , t 3 , t 4 , t 5 , t 6 q " t 1´h maxtt 2 , t 3 , t 4 , t 6 u, 0 ă h ă 1.
The ϕ is a Φ 6 -function and satisfies the conditions (a), (b) and (c). The inequality (1) takes the form p1 2 q dpT x, T yq ≤ h maxtdpx, yq, dpx, T xq, dpy, T yq, dpy, T xqu
Conclusions
In this paper, we obtain three theorems for the almost contractions defined by an implicit relation: Theorem 3.2 (sufficient condition for existence of fixed point) and Theorems 3.3 and 3.4 (sufficient conditions for existence of unique fixed point). The results are extensions and generalizations, from metric spaces to generalized metric spaces, of many well-known fixed point theorems: of Berinde [2] , Banach, Kanan [12] , Bianchini [6] , Reich [16] , and many others in Rhoades's classification [15] .
